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Abstract. The exact determinantal equation satisfied by the coherent wave vector
in a statistically defined medium of spherical scatterers, which was obtained by
Lloyd in IIT of this series of papers, is used to show two things.

First, the determinant can be written as an infinite series similar to that obtained
by ordinary resummation methods, except that it does not invelve elements of the
T matrix off the energy shell.

Secondly, the first two terms of the series are specialized to the case of point
scatterers which are uncorrelated except for an infinitesimal sphere of exclusion about
each of them, and the results found to disagree with those of other calculations; this
discrepancy is clarified.

The formalism is generalized to deal with vector waves, and it is shown that, for
electric dipole scattering, the simplest approximations to the functions appearing in
the determinant lead to the Lorentz—Lorenz Jaw,

1. Introduction

This is the fourth of a series of papers examining the various aspects of wave propagation
in a disordered medium. In the first, Ziman (1966, to be referred to as I) described an
approximate method for calculating the refractive index of a medium. In the next two,
Lloyd (1967 a, b, to be referred to as II and III respectively) derived and examined an
exact formalism for the average density of states in general media. In the present paper
we apply this exact formalism to the refractive index problem.

The theory of the multiple scattering of waves in a medium consisting of an infinite
number of individual scattering centres, distributed according to a given probability dis-
tribution, is concerned both with why such a system behaves as if it were a continuum
described by a complex refractive index and with how to calculate this refractive index.
Such investigations have a long history; the earliest work is due to Rayleigh and a large
number of papers appeared at the beginning of this century (for a comprehensive review,
see T'wersky 1960). However, these early papers used only the simplest of approximations
and the modern investigations date from Foldy (1945) and Lax (1951, 1952) who precisely
defined the coherent wave as the ensemble averaged multiply scattered wave, and clearly
stated the difficulties involved in its calculation.

As well as formulating the problem precisely, these authors introduced the ‘hierarchy
method’ as a means of calculating the complex propagation vector of the coherent wave,
and hence the refractive index of the medium. In this method the additional concept of a
conditionally averaged wave function is introduced; a hierarchy of equations can then be
formed in which a given member expresses the ensemble averaged wave function with #
atoms held in fixed positions in terms of the ensemble averaged wave function with z+1
atoms held in given positions. Approximations can then be formed by using some assump-
tion, such as the ‘quasi-crystalline’ approximation of Lax, in order to express one of the
higher-order ensemble averages in terms of Jower-order ensemble averages. A closed set
of equations can thereby be obtained, which in turn may be solved. While, in principle,
increasingly more accurate approximations could be obtained in this way, in practice only
the lowest-order approximation may be evaluated.

The majority of authors who have been interested in calculating the complex propaga-
tion vector of a given medium have used the hierarchy method as a basis for their calcula-
tions. An evaluation of the probable errors involved in truncating the hierarchy of equa-
tions has been given by Waterman and T'ruell (1961). In this paper they considered the
point scatterer, or long-wavelength limit, of the multiple scattering problem. In this limit
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the wavelength is assumed to be long with respect to the lengths describing the deviations
of the probability distributions from purely random (the wavelength need not necessarily
be long compared with the scattering length of an individual scatterer); the true probability
distribution is then replaced by a purely random distribution of point scatterers. This is the
limit which is implicit in the derivation of the Lorentz—Lorenz formulae, for example.
Waterman and T'ruell obtain for this model the result
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where & is the complex wave number in the medium, « is the wave number of the incident
wave in free space (if this were a quantum-mechanical problem, then the energy would be
given by E = «? in atomic units), N is the number of scattering centres in the volume V,
and f(6) is the scattering amplitude of an individual scattering centre. The complex
refractive index of the medium is then given by # = &/«. The first two terms of this result
give the ‘thin slab’ approximation (Fermi 1950) and the total expression has previously
been obtained by Urick and Ament (1949} who considered the medium as being composed
of many thin slabs joined together. The second part of this expression is, however, in-
correct. In §3 of the present paper we shall show that i1t arises from just this artificial
stratification of the medium into thin slabs.

Even when large scatterers are considered, as by Twersky (1962 a, b, c), it is difficult
to avoid this stratification when a plane boundary is introduced into the problem. Twersky
attempts to obtain self-consistency by introducing the concept of a ‘two-space’ or ‘schizoid’
scatterer. However, by taking the point scatterer limit of his results we shall show that this
method is only correct to first order also. Electromagnetic multiple scattering has been
considered by Mathur and Yeh (1964). These authors also use the method of Twersky and,
if we take the limit of their results to point dipole scatterers (their equation (31)), the resultis

k 20(N |V )
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where « is the polarizability of the point scatterer. This is not of the expected Lorentz-
Lorenz form. In §4 of the present paper we shall show that only minor changes in the
formalism for calculating the complex propagation vector for a scalar wave are needed to
handle the electromagnetic vector wave. In § 5 we shall then show that in the limit of point
electric dipole scatterers one obtains the expected Lorentz—Lorenz form.

The hierarchy method has been used by Fikioris and Waterman (1964) to calculate the
refractive index of a medium of large spherical scatterers distributed with a purely random
probability distribution, apart from a condition that the individual scattering regions should
not overlap. Although in this paper a plane wave was considered falling onto a semi-
infinite slab of the material, they avoided the pitfalls associated with the introduction of
such a boundary and derived the same result as that obtained by Phariseau and Ziman
(1963) and also in I. These authors did not introduce a boundary into the problem. In
these papers the final equations to be solved in order to find the complex propagation
vector for the medium take the form of an infinite determinant which must be zero when
evaluated with the correct propagation vector. As such, the final equations are in quite a
different form from, say, equation (1.1).

An alternative method of calculating the complex refractive index of a random medium
has arisen out of the application of Green function techniques to the determination of the
optical potential in nuclear physics (for a review article, see Fetter and Watson 1965). As
the scattering potentials suffer recoil in the nucleus, this problem is not strictly comparable
with the present one where the scattering potentials are unaffected by the scattered wave;
the Green function technique appropriate to the multiple scattering of a single particle
wave in a random distribution of potentials was first used by Edwards (1958) when dis-
cussing the conductivity problem. In this method, which we shall call the ‘resummation
method’, a point source of waves is considered to be situated in an infinite medium. The
scattering series is then written out completely, giving what Lax has called the ‘expanded’
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representation. In this expanded representation the ensemble average may be taken
exactly, without becoming involved in a hierarchy of equations. However, in this expanded
representation the coherent wave does not exist; the series must be resummed in order to
obtain any result at all. After the series has been resummed into a ‘Dyson self-energy’ form,
the complex propagation vector is given by finding the root of the energy denominator in
the complex % plane; as such, this differs from finding the ‘quasi-particle’ energy, which
is the root of this energy denominator in the complex energy plane (cf. in this regard, the
discussion of the Phariseau and Ziman paper given by Ballentine and Heine (1964)).

Further, more complete resummations or ‘renormalizations’ of the multiple scattering
series have been investigated by Klauder {(1961), Edwards (1961, 1962), Beeby and Edwards
(1963), Beeby (1964 a, b, ), des Cloizeaux (1965) and Ballentine (1966). However, these
authors have not been directly interested in calculating the refractive index of the medium;
instead these have all been papers devoted to calculating the quantum-mechanical density
of states in the medium. A consequence of this is that they obtain the equation

r

N
K= = T (1.3)

to be solved for the complex propagation vector k. Here <k|7T[k) is the 7" matrix of a
single scattering centre in a momentum representation, the T matrix being evaluated at the
energy £ = 2. This differs from the first two terms of equation (1.1) in that the vnknown
complex propagation vector appears in the representation of the 7" matrix. Such a T
matrix is simply related to the scattering amplitude only when the momentum is ‘on the
energy shell’. Then we have

K| Tx" > = —4af(h) (1.4)

where ¥* = 2 = E and @ is the angle between k and «'.

The reason why these off-energy-shell terms appear is that the series (1.3) is valid for
any arrangement of the scattering potentials. In particular, it is valid even when the
scattering potentials overlap one another. The complex propagation vector can only be
expressed in terms of the scattering amplitude of the individual scatterers if there is a
specific assumption that the scattering potentials do not overlap. In this case the off-
energy-shell parts of the T matrix must be cancelled by later terms in the series (1.3).

The assumption of non-overlapping (or ‘muffin tin’) potentials has been used in
density-of-states calculations by Beeby (1964 b, ¢). Beeby used an assamption in the
resummation method which is equivalent to the quasi-crystalline approximation in the
hierarchy method. An investigation of the structure of a complete resummation of the
scattering series, when the potentials do not overlap, has been given in II and III. Equa-
tion (4.7) of the latter of these two papers gives the equation which must be solved in
order to calculate the coherent propagation vector. This equation is

N
det 80— 2 GBS - i = 0. (1.5)

L

Here the determinant is over the composite angular momentum subscripts L, where

L=(,m) and > = > .
L 1=0 m=l
Complete expansions, with each term represented by a diagram, are then given for the

medium propagator G (k) and the renormalized scattering factor S ;.. The first terms
of these expansions are

SL.L' = TLSL,L'+ (1-6)
where T, = T is related to the scattering amplitude by
fl8y = = > (214 1)T,P(cos 8) (1.7)

1=0
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and hence for phase shift scattering may be expressed in the form
T=— %sin N exp(iny). (1.8)
The medium propagator has the expansion
GEL(k) = f Gy Ar)e(r)yexp(—ik . £) dOr+ ... (1.9)

When the length % of the vector k is a complex number, we must understand this expression
as being the analytic continuation of the intepral evaluated for real k; g(r) is the pair cor-
relation function of the distribution of the scattering centres and

Grilr) = 5 CH¥ldait{ —ixh, () Y r) 7 > 0. (1.10)
Z

Here Y (r) = ¥, (0, ¢} is the normalized spherical harmonic of the angular components
of the vector r, as defined by Messiah (1964, p. 494); h,*(x) = j,(x)+4n,(x) is the outgoing
spherical Bessel function (Messiah does not use this notation for the Bessel function, he
uses this symbol for what we shall denote by ¢h;* (%)) and

ChEl = [V Q)Y Q)Y Q) 40, (1.11)

Messiah (1964, p. 1057) gives a relationship between this quantity and the Clebsch—
Gordan coefficients. Cruzan (1962) has discussed some of the mathematical properties of
this quantity; the relationship between his quite different notation and ours is given in
appendix 2.

If only the first two terms of the expansions (1.6) and (1.9) are retained in the determi-
nant (1.5), the result is identical with the determinant obtained by Phariseau and Ziman
(1963) and also in I by means of the hierarchy method. If, further, the pair correlation
function g(r) is simplified to the pair correlation function used by Fikioris and Waterman
(1964), it is equivalent to the homogeneous set of linear equations which these authors
obtained. The form of the equation (1.5) is, however, not suitable for making easy com-
parisons either with the more usual results of the resummation method, in which the off-
energy-shell terms have not been removed (equation (1.3)), or with many of the results
obtained by the hierarchy method, such as equation (1.1). In § 2 of this paper the determi-
nant (1.5) is expanded to give a series similar to that of the resummation method (1.3), but
with all the off-energy-shell terms removed (the assumption of non-overlapping potentials
has been used in deriving (1.5)).

In this paper, then, we first expand the determinant so as to obtain the usual multiple
scattering series in the resummation method, but with the off-energy-shell terms removed
{§2). We then compare this result with some of the expansions made by the hierarchy
method; in order to make this comparison we shall take the limit of various results to the
point scattering case (§ 3). Next we show that the determinant form may be written down
just as easily for the multiple scattering of electromagnetic waves as for scalar waves (§ 4),
and finally we show that in the point scattering limit this gives the usual Lorentz—Lorenz
formulae (§ 5).

2. The expansion of the determinant

The series expansion of the determinant (equation (1.5)) in the form of equation (1.3)
with the off-energy-shell elements of the T matrix removed may be obtained by expanding
the determinant about the pole in G*).(k) which occurs when %22 = «®. This pole arises
from the assumed long-range uniformity of the probability distributions, i.e. it is assumed
that the pair correlation function satisfies

gry >1 as r > oo, (2.1)

Moreover, an examination of the terms in the series expansion for the medium propagator
shows that only the first term, i.e. the term explicitly shown in equation (1.9}, has this pole.
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Hence to achieve this expansion we must substitute

8(r) = 1+hy(r) (2.2)
into this term,
When this division of the pair correlation function is made, care must be taken with the
contribution of the integral from the origin. The non-overlapping condition is

Byry= -1  r<R, (2.3)

and, if this is directly substituted into the first term, the integral is not defined at the origin.
The integral involving g(r) is, however, well defined and this allows a consistent procedure
to be found. We shall define the principal-valued integral as follows:

:F {8Y ((r)h, * (kr)e = Thy(r)} d% = lim { J. {iY [ (o)h, * (kr)e ™ rhy(r) d5F
€ -0 Irl~e
4ai (ki) — 1]

- Y S (2.4)

— K

This quantity is regular as # — x. The last term is, by definition, the difference between
our definition of the principal value of the integral and the value obtained by removing a
small sphere from around the origin.

With the above definition for the principal value, the first term in the expansion for the

medium propagator (equation (1.9)) may be written as
Vi *k) Y (k)
w?—k?

| Guulelre e d¥ = (4m)?

+ G (e hy(r) . (2.5)

The last part of this expression we now combine with all the other terms in the series
expansion for the medium propagator to define G}, .(k). Hence the medium propagator
may now be expressed in the form
Y *(k)Y  (k
Gat = (np - G ), (2.6)
K2 —
This expression explicitly exhibits the singularity in the medium propagator; GF,.(k)
does not contain a pole when k2 = «2

With the medium propagator expressed in this form we may now expand the determi-
nant by writing the equation from which it arises as a homogeneous linear equation, of the

form o v
L Py
A= @By 2 ClelSe.pdr = 0 @.7)
where
N r
B=— (411-)2 Z b% ﬁ(k)SL.L'AL" (2.8)
LL

The unknown constants A, may then be eliminated from these two equations. When this
has been done we find that the constant B cancels from both sides of the resulting equation.
('This would not have happened if the pole of #}", . had been picked out in some other way.)
The result is

N N -1
k2 = xz—(%)2? > YL(k)SL.L-[l - —V~GR(k)S} Yo (k). (2.9)

L,L',L" L' L”

The matrix inverse in this equation can now be expanded out. If this is done, and the
series expressed as a diagrammatic expansion, the result is just the series obtained by the
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usual resummation methods (slightly further resummed). Now, however, unlike in equa-
tion (1.3), the off-energy-shell components of the 7" matrix do not appear.

3. The second-order term

From equation (2.9) we may expand the complex propagation vector to second order in
the scattering amplitude. This gives the result

N
k= K2—(4ﬂ')21—,§ Y (k)T Y *(k)

+ lim { - (477 %T)Z pRACTS JKGL,LJ(r)e“I‘-"kZ(r) & T, YL,*(k)}. (3.1)

k -k

Using the expression

f0) = —4= 3 Y, ()T, Y (k) (3.2)

where & is the angle between k and k', and the first part of this expression is just the thin
slab result. The second part is more difficult and cannot be explicitly evaluated without
knowing the pair correlation function.

If we now consider the limit to point scatterers of this expression, a limit which implies
a knowledge of the correlation function, then the expression (3.1) may be evaluated. By
using the generating function for the Legendre polynomials, the result may be expressed in
terms of the scattering amplitade; this is

N
B = i (0)

| [NV

L 4 %(6)y do 3.3
= a6

sin 40 df

‘This expression differs from the expression derived by Waterman and Truell (equa-
tion (1.1)) both in the signs of the forward and backward scattering terms and in the
additional term which is present. It is worth while understanding the cause of this discre-
pancy, for it has appeared in many papers discussing multiple scattering { Twersky 1962 a, c,
Mathur and Yeh 1964, and others). The error arises when 2 semi-infinite slab of scattering
material is considered and the integrals involved in finding the ensemble average are taken
in the natural way, i.e. parallel to the boundary of the region. These integrals alter in
character when the position of the last scattering centre is within a distance A, where A
is the radius of the scattering centre, of the point where the ensemble averaged wave func-
tion is being evaluated. I the inteprals are being taken parallel to the plane boundary
(which we shall suppose is perpendicular to the z axis), then this means that the region of
integration over a slab-like region of width 2A must be treated differently from the rest of
the integration. If, as is common, the contribution of this region is ignored, this becomes
equivalent to an implicit assumption of a correlation function which is not spherically
symmetric but instead is given by

-1 2] < A

hz(x’y’ z) = 0 [Z[ S A

This corresponds to a distribution that is random except for the exclusion of a thin sheet of
scatterers.

The exact expression (3.1) may be evaluated with this pair correlation function. Express-
ing the result as the integral with Ay(¥) = —1 everywhere, minus the contribution from
taking A,(r) = —1 outside the slab (the first integral then contains the singular contribu-
tion), we find that the second-order term is given by

() (55 -l * maa | 65

[-ror+re-|

(3.4)
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Here we have also taken the limit A — 0 for simplicity. In the limit k —» x this is just the
term derived by Waterman and Truell (equation (1. 1))

Twersky (1962 b) has introduced the concept of a ‘two-space’ scatterer in an attempt
to obtain self-consistency. This is not an analytic continuation of the T matrix; the two-
space ‘phase shift’ T,® is given in terms of the true phase shifts 7', by equating the logarith-

mic derivative of | () — ik sh () (3.6)
K¥}—IK K¥ .
to the logarithmic derivative of e o

§o(kr)— ik T Sy * (xr) (3.7)

at some radius @ which is determined by the available volume. However, Twersky also
integrated parallel to the plane boundary and did not treat correctly the slab of thickness 2A
about the point of evaluation. He obtained the result (equation (8) of paper by Twersky
{1962 c), specialized to normal incidence)

Nik+x k—x

k2 —k? = 2n —{ fEH 0y - fs(‘rr)] (3.8)
V K

where f5(8) is the scattering amplitude constructed using the two-space phase shifts. We
may compare this with the exact result by taking the limit to point scatterers, which gives

K

T3 = TLG)! (3.9)

and then expanding equation (3.8) to second order in the phase shifts. Expressing the
result as a series in T, we find that the second-order term is as follows:

Exact (equation (3.3)):

1/ Ny
—2(477?) BT, T, + 10T, T+ 6T, + 33T, Tot ... ). (3.10)

K

Waterman and Truell (equation (1.1})):

1/ M2
—2(4#?) (BT, Ty +0+0+15T,To+ ... }. (3.11)
K

Twersky (equation (3.8)):
1/ M2
—2(4#?) BT T+ 5T, Ty +9T,2+307, Ty + ... }. (3.12)
K

We see that only the first terms of all these expressions agree; the errors in the last two
expressions occur basically for the reasons we have already discussed.

4. Electromagnetic scattering
Mathur and Yeh (1964) have considered the multiple scattering of electromagnetic

waves from spherical scattering centres, However, they used the analogue of the method
of Twersky and, as we have indicated, this is not exact. The determinant analogous to
equation (1.5) can, however, easily be written down by analogy with the scalar case. We
shall write down these equations, and form the analogy, using the language of phase shift
scattering rather than the language of Green functions.

The scalar wave satisfies, in free space, the equation

P L (4.1)

where p = (1/7)¥V is the momentum operator. The harmonic time-varying solution only is
considered. The solutions to this equation may be expanded about a regular point of the

field in the form
Y(r) = Z AAri'j(xr)Y (1) (4.2)
L
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where the constants in the expansion are given by
4mi Aji(ir) = [ W)Y HQ) dQ,. (4.3)

The electromagnetic field satisfies, in free space, the equations
pAE—xkE= 0}
pAH+E=0]"

Here we use units such that C = 1; « is then either the frequency or the free-space wave
number. The electromagnetic field may be expressed in terms of the electric and magnetic
radial Hertz potentials, IT* and IT1? (we shall consistently use the superscripts 1, 2 to denote
electric and magnetic respectively; hence E! = E, E? = H, €' = ¢, ¢ = y, etc.) by means
of the equations

(4.4)

El = E = p A LIT! 4 «LII?
P e ] (4.5)

E? = H =p A LTI —«LII

where L = r A p is the angular momentum operator. The solutions to the field equations
may be expanded at a regular point in the field in the form

II" = Z A M4t (1) Y ((¥) (4.6)
bao
where
1+ 1)4ni' A ™5 (ser) = f r EWY HQ}dQ,. 4.7)

The exciting field in scattering theory always satisfies the free-space field equation.
The scattered field resulting from a scattering of the exciting field by a spherical symmetric
scattering centre may be expressed, in the scalar case, in the form

Woo(t) = 5 AT dait{—ixh (1)} Y (2). (4.8)

In the electromagnetic case, the scattered field is similarly given by
OME) = >, AT 4wt —ihy* ()} Y o (£). (4.9)

L

In both these equations the constants T, need not necessarily be expressible in terms of a
(real) phase shift form ; however, if the scattering is elastic these constants may be expressed
in the form

1
T,/ ™ = — —siny,Pexp{in™}. (4.10)

K
If, in the scalar case, the scattering is simple potential scattering from a radially symmetric
potential ¥(r), then the phase shifts may be found from the solutions of the radial equation
(I+1)

y2

2

1d R
—;ﬁr (r)+[V(r)+

Similarly, if the electromagnetic scattering is from spherically symmetric dielectric func-
tions e")(r), then the phase shifts may be found from the solutions of the radial equations

1d 1 4d I(1+1)

i e”_(r) ;T;re”'(r)R”(r)+{ )

-K2}R(r) = 0. (4.11)

- KZ;.L(T‘)E(?)}R“(T) = 0. (4.12)

In both cases the phase shifts are given from the asymptotic relation
R™(r) ~ jywer) —tan oPny(xr). (4.13)
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In order to calculate the multiple scattering, we must be able to calculate the excitation
amplitude at a second scattering centre due to the scattered wave from the first at a distance
A from it. In the scalar case the excitation amplitude at the second site, 4;, may be ex-
pressed in terms of the excitation amplitude at the first site, and the constants T';, by means

of the relation _ -
AL = Z GL.L'(A)"qL‘TL' (4.14)
=
where G ;.(A) is given by equation (1.10). Similarly, in the electromagnetic scattering
case the excitation amplitudes at the second centre are given by

A= 3 GREN)AL T, ™. (4.15)
Ln"
Here the propagators are given by similar equations to the scalar case, namely
N DL,L'.L"
GiL{A) = GP2.(A) = > — 4mit{ — ikhy. T (xA)} Y (D) (4.16)
' ' o W+
, ELILY
Gl (B) = —GR8) = X' oni” (b (MY B) (417)
where "
DLLLLT = f [LY (Q)*[LY . (Q)]Y . *(Q)dQ (4.18)
ELUL = J[L A RY (Q)E[LY L (Q]V.H(Q)dQ. (4.19)

A derivation of these propagators is given in appendix 1. The coefficients D} and E have
been discussed by Cruzan (1962) and the relation between the present formalism and
Cruzan’s notation 1s given in appendix 2.

It is clear that the expanded representation of the multiple scattering series in the
electromagnetic case has exactly the same structure as in the scalar case. The series may
then be resummed, just as in the scalar case, to give the determinant for the complex
propagation vector as

N o
det||6y &% — = > Gri(k)Spp| = 0. (4.20)
L", n"
The diagrammatic expansions for the renormalized scattering amplitude and the medium
propagator are then exactly the same as in the scalar case, but now the meaning of the
diagrams is slightly altered to allow for the superscripts #. The first terms of these expan-
sions are then (cf. equations (1.5) and (1.8))

SEL = T8, 8™+ .. (4.21)
Gui(k) = [ Grrir)girye ™ d¥r+ ... (4.22)

5. Electric dipole scattering
If only electric dipole scattering is present, then all the phase shifts in the above for-

malism are zero with the exception of
T 2oesc? 5.1)
1 3 .
The scattered field, as given by equation (4.9), is then identical with the field radiated by
the dipole p = «E (Stratton 1941, p. 435), wherc E is the incident clectric ficld at the centre
of the scatterer. This latter identification may be made by expanding equations (4.5) and
(4.6) in a Taylor series about the origin. When this is the only non-zero term, the determi-
nant (4.20) reduces to a three-by-three determinant,
If, further, we use only the first terms in the series expansion (4.21) and (4.22) then the
determinant factorizes over the three m coordinates. The correct root in this case (unlike
the scalar case) comes from the terms m = *1. This gives the equation for the complex
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propagation vector as
RleP-1_ (4nPYN| Ve

(k]2 +2 1 —4a(N[V)aF(k)
Fk) = 1in® f {2jo(kr)ho* (1) + jo(krYhy * (sr)Yio(r )2 dr . (5.3)

(5.2)

where

It is easy to see that in the limit of point scatterers, i.e. Ay(r) = 0, this reduces to the
familiar Lorentz-Lorenz formula.

6. Conclusion

Ordinary resummation methods give an equation for the coherent propagation vector
in the form of a series whose terms contain off-energy-shell clements of the T matrix, even
when the scatterers do not overlap, We have shown in § 2 that the exact relation (1.4)
{which 1s valid only for non-overlapping scatterers) can be expanded into 2 series very
similar to those derived by resummation; in this new series, of course, the unphysical off-
energy-shell elements are not present.

The second-order term of the series has been derived before by the hierarchy method,
and, when applied to the special case of point scatterers in a medium which is random
except for a small sphere of exclusion about each centre, the results disagree with ours. In
§ 3 it was shown that in this earlier work the distribution function actually used involved a
thin sheet of exclusion parallel to the boundary of the scattering system.

The formalism used here was extended in § 4 to cover the scattering of vector waves.
As a check, we applied the results in § 5 to the case of electric dipole scattering; by retaining
only the first terms in the scattering functions (4.21) and (4.22) it was possible to evaluate the
determinant exactly (and not in one of the series forms considered previously). The result
was the Lorentz—Lorenz formula.
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Appendix 1
We shall only calculate G12 .(r); the same method may be applied to the other propaga-
tors. Let 2 (ke
1%
Fy= o>t Al
(k) m E—R%+ e (A1)
that
S0 tha mit{ — i ()Y o) = [F(R)E™ <Y (k) d7. (A2)
From equation (4.9) and (4.7) we have that
T = [(I+ 1Ddnitj,(xr)GLE(D)
= [ v#Q)dQ, f &%k kFp(R)e . {(r+ A) A pleictr+a, (A3)

Allowing the operators to act on the exponential and using the Hermitian property of
the angular momentum operator in a momentum representation, we have
. @ d
Ly=i—Ak=kAf{—.
ok ok

Then [ J‘ Y 4Q) dQT( f &k eik.r[z‘% {efk.AKF[(k)LYL,(k)}])

2
= 4rit [ 0% [512 (k) YL*(k)}[L ¥ (K] (R)ele
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on taking the spatial angular integral and using the Hermitian property of #(&/¢k). Now

12 1k ‘ +[L/\k]*}

i ok kU ok
where k is a unit vector in the direction of k. Ask.L = 0 and [L A k]* operates only on the
angular coordinates of k, the angular integration of the k variable may be completed. The
integration over & = |k| can now be evaluated by contour integration and, after substituting
into equation (A3), we obtain the result quoted in equation (4.17) and (4.19).

Appendix 2

Many of the mathematical properties of the constants derived from the integration over
the spherical harmonics have been discussed by Cruzan (1962). The relation between our
notation and his notation is as follows. Let

(4«)”2[2 141 (l_m)!]l:z (A4)
= D ‘
then

AnCLE Vg, = aya, 7"+ Wa(m, l|m’, I'|I") (A5)

aga;-DHYL = 14+ Dag(— D)™ -i-vgmmen” o’ U —m, I|1Ma(l', 1,17y (A6)
and

apap ELUE = i1+ Vag (=130 -1-vmeman’, 1| —m, 1)1, 17 =1)8(1", 1, I").

(A7)
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